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The following paper deals with linear differential expressions, both 
ordinary and partial, and of all orders. The term "differential expres- 
sion," as used in these pages, refers, then, always to linear expressions. 
After an introduction devoted to the theory of the adjoint differential 
expression, the invariants and covariants of a differential expression 
under the three transformations which leave its general form unchanged 
are considered. 

The presentation of the introductory matter (I) is, in the main, a re- 
production of the substance of lectures by Professor Bdcher in Harvard 
University, or an extension to expressions of the nth. order of matters 
discussed in those lectures for the second order. The same remark 
applies to a good part of §§ 4, 5, 7. Acknowledgment of other indebted- 
ness is made in the text. References to Wilczynski are to his Projec- 
tive Differential Geometry. The name of Lie might be expected to 
occur more often in a paper on such a subject ; it is, however, in ob- 
taining the results recorded in §8 only that I have made use of his 
methods. 

For permission to use the matter referred to above, as well, as for 
most helpful guidance and suggestion in the preparation of this paper 
throughout, my warmest thanks are due to Professor Bdcher. 

I. The Adjoint Differential Expression. 

§ 1. Ordinary Differential Expressions. 

The first part of this paper deals with the theory of the adjoint 
differential expression. Let us begin by recalling briefly the facts in the 
case of an ordinary linear differential expression of the nth order. For 
details, reference may be made to Darboux, Surfaces, book iv, chapter 
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5, a treatment here followed, or to Wilczynski, who devotes a chapter 
to the subject. Further, the ordinary differential expression may be 
looked upon as a special case of the partial differential expression dis- 
cussed below. 
Let, then, our differential expression be 

L(u) = a »J^ + a - 1 s=* + a »- 2 d^=* + • • • + a " u - (1) 

We define as its adjoint the expression 

M{v) = 

K ' dx» ^ { ' dx»-l +{ l) dx"~2 

+ ... + aoV. (2) 
If we write M (v) also as 

,,, . , d n v , , d n ~ x v 



the b's will be given by the following formula : 

} a (n-i)I (&-/)! d*»-* • 



(3) 



We may establish next, for any two functions, u, v, Lagrange's Iden- 
tity, 

vL(u) — uM(v) = -j- , 

where S is bilinear in u, v, and their first n-1 derivatives. From this 
by integration would be obtained a Green's Theorem for the particular 
differential expression in question. Further, if a relation of the form 1 of 
Lagrange's Identity, 

vL(u) — uN(v) = j— , 

exists between two expressions of the nth order, L(u) and N(v), then 
N(v) is the adjoint of L(u). For we shall have 

u[N(v)-M(v)] = ^^, 

and therefore N(v) = M (v). This follows from the proposition, the 
truth of which is obvious : 
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Lemma. If N(v) be a linear differential expression, and T an ex- 
pression bilinear in u, v, and their derivatives, and if 

then N(v) = 0. 

Since Lagrange's Identity may be written 

d(-S) 



uM(v) — vL(u) — 



dx 



we infer that L(u) is the adjoint of M (v) : the relation between an ex- 
pression and its adjoint is reciprocal. 

A multiplier of L(u) is defined to be a function, v (x), such that 
vL(u) is a derivative of a differential expression of the (n — l)st order, 

rt \ dP 

The condition that v should be a multiplier of L(u) is that v should 
satisfy the differential equation M (v) = 0. The sufficiency of the con- 
dition is obvious from Lagrange's Identity ; its necessity follows from 
an application of the lemma to 

For conditions that L(u) should be self -adjoint, when n is even, the 
negative of its adjoint, when n is odd, that is, L{u) = (— \) n M{u), see 
below, page 15. The problem of making L(u) equal to (— 1)" times its 
adjoint by multiplying it by a suitable function of x will occupy us 
later. 

§ 2. Partial Differential Expressions of the Second Order. 

We take up next the theory of the adjoint for partial differential ex- 
pressions, and here a somewhat different order of presentation will be 
found advantageous. We consider first expressions of the second order. 

Let L(u) be such an expression, 

L{u) = I aq^jL + Jj fli |L + au . (4) 
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Here we make once for all the convention oij = a^. Let us inquire as 
to the condition that a function of the x's should be a multiplier of 
L(u), the term being defined as follows: 
Definition. By a multiplier of L(u) is meant a function, 

v(x v . . . x m ), 
such that 

^) = 5g. ® 

where the P's are linear differential expressions of the first order. 
First suppose that v is such a multiplier. Writing 

r> "^ 9m . 

we see that we must have 

2va i} - = pij + pa, (6a) 

™<=2f| + P» (6&) 



Operating on the first of these equations with - — - — , on the second 

p. OXiuXj 

with — - — , summing and adding to the last equation, the right 
side cancels out and we have left 

2^-2^ + ^ = 0. 

■ri dxidXj -r* dXi 

Our assumptions here are that the second derivatives of the a^'s, the 
first of the e^'s, that come in question, exist, and, if we desire that 
property in the coefficients of the equation last written, are continuous. 
The left side of that equation is, like L(u), a linear differential expres- 
sion of the second order; we define it to be the adjoint of L(u). 
Definition. By the adjoint of L(u) we mean the expression 

%,J * / t * 

We have proved, then, that a necessary condition that v should be a 
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multiplier of L(u) is that it should satisfy the differential equation 
M(v) = 0. 

The condition is also sufficient. For let v be any solution of 
M{v) =0. Then choose, for instance, the p^'s for which i > ;' at 
pleasure; then the rest of the p t /s and the p/s may be determined to 
satisfy equations (6a) and (66). Equation (6c) will thereby be satis- 
fied also, and we shall have 

For if (6a) and (66) are satisfied, 



dxidxj 



_ x? djajv) _ y dpi 

<£ ax.- ' 4 ax.- 



dxi 



dXi 



Now since M (v) = 0, the left side is equal to — av; that is, equation 
(6c) is satisfied too, as asserted. These considerations show us that the 
quantities P f on the right side of (5) are not uniquely determined by v 
being given. We may state the result just obtained by saying : 

Proposition 1. A necessary and sufficient condition that v should be 
a multiplier of L(u) is that v should satisfy the differential equation 
M(v) -0. 

If we write M(v) in expanded form, 



d 2 v 



dv 



*M-2«»=£; + 2«.£ + K 



dxfix, 



dxi 



then the b's, the coefficients of the adjoint, will be given by the 
formulas 



hi = o« , 
"' <?dx,- °*' 

ffdzfix, ^ 



daj 
dXi 



+ o. 



(8) 



These equations may also be written in symmetrical form, 



s < = -2S + « 



^bXi 



?S- 2 *=?g- 



da it 



2a. 



0) 
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We see thus that if M(v) be the adjoint of L(u), then L(u) is the adjoint 
aflf(i>). 

Analogous to Lagrange's Identity for ordinary differential expressions 
we have here too an identity to which we may likewise give that name, 
holding for any two functions u, v. 

Lagrange's Identity. vL(u) — uM (v) = 2 a~~^> 



*-?•»(•£-£)+(•.- $■§-) 



uv. 



This we readily verify by direct calculation. This identity furnishes, 
as for ordinary differential expressions, a simple proof of the sufficiency 
of the condition M(v) =0 for v being a multiplier of L(u). Further- 
more we have, here as there, the proposition : 

Proposition 2. If between any two differential expressions of the 
second order, L(u) and N(v), we have an identity of the form of 
Lagrange's Identity, 

vL(u)-uN(v) = ^ d fi, 

the T's being bilinear expressions in u, v, and their first derivatives, 
then N(v) is the adjoint of L(u). 
For we get with the help of Lagrange's Identity, 



u[N(v) - M(v)] = ^ d{Si Ti) 



dxi 

so that u is a multiplier of the differential expression N(v) — M(v), 
and therefore satisfies the differential equation 

Adjoint of [N(v) — M (v)] = 0. 

But u is any function whatever. Therefore the adjoint of 
N(v) — M(v), and so N(v) — M(v) itself, is identically zero. 

Integration of Lagrange's Identity supplies, as noted for ordinary 
differential expressions, a Green's Theorem for the expression L(u). 

Necessary and sufficient conditions that L(u) should be self-adjoint 
are 

* = 5§' t=l,...m. (10) 

For these are, by (8), the conditions that 6j should equal a^, and from 
them follows b = a. For the cases, so common in mathematical phys- 
ics, where the coefficients of the second derivatives in L(u) are con- 
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stants, these conditions reduce to o f = 0. Thus Laplace's equation is 
self-adjoint. 

For self-adjoint differential expressions, the S/s in Lagrange's Iden- 
tity reduce to 



Si=2«»(^.-%i0' 



and that identity may be thrown into the form 

1 ' 7 ' 

On the other hand we have for L(u), if self-adjoint, 

On inserting this value of L(u) in Lagrange's Identity above, the left 
side goes over into 

that is, 

du dv 
dxi day 



■yr\ du dv 



Proposition 3. For self-adjoint differential expressions we get a 
three-term form of Lagrange's Identity, 

t i \ "V dPf T . . -^ dQi -v* du dv , 

vL ^-^ d ^ i = uL(v) -^dV i =-^ aii d X - i ^ +auv ' 

the P's and Q's being given by (11). 

Integration would give a corresponding three-term form of Green's 
Theorem. 

In conclusion, attention may be called to the fact that most of the 
above can be made to apply directly (1) to ordinary differential ex- 
pressions of the second order, (2) to differential expressions of the first 
order, by simply putting the proper coefficients in L(u) equal to zero. 
A similar remark is in order for the developments of the next paragraph. 
We note that an expression of the first order can never be self-adjoint, 
but may be the negative of its adjoint. 
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§ 3. Partial Differential Expressions of the nth Order.% 

For the general case, partial differential expressions of the rath order, 
we shall content ourselves with considering differential expressions in 
two independent variables. The formulas themselves suggest what the 
extension to the case of a greater number of variables will be, and this 
suggestion leads throughout to the correct formulas for the latter case. 
We emphasize once for all this remark, which applies to the whole of 
the rest of this paper. 

We make use here of the following notation : 



n n — k 



(n — k)l d n ~ h u 



q being defined by p + q = n — k; while the subscripts of any a de- 
note respectively the number of differentiations with regard to x, y in 
the derivative of u to which that coefficient is attached. We may pass 
from this notation to that employed for the second order by writing, as 
subscripts, p ones and q twos. 

We inquire first, as for expressions of the second order, as to the ex- 
istence of multipliers of L(u), that is of functions, v, such that 

T , x dP ,dQ . . 

vL( - u) =dx- + dy-' . (13) 

where P, Q are linear differential expressions of the (n — l)st order, 

n-l n-J-* fln-l-fc,, 

with a similar expression for Q. If v is to be such a multiplier we must 
have 

n ! D . , . . dQ p + q = n, 

— — ; vap~ = Pp-i, n+ a term coming from — , r , 

vao n = a term coming from — ; 

2 See Darboux, Surfaces, book iv, chapter 4, and, for the second order, 
chapter2 of an article by du Bois-Reymond in Crelle, vol. 104 (1889). Dar- 
boux makes use, to obtain the condition for a multiplier, of a very general 
formula, of which we here deduce the special case we require. 
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(n-k)l D , dP pq , , . , dQ p + q = n-k, 

, , vap<f=Pp-i, q + -r^ + terms coming from — , *" / , ,. 

voq, n-k = ■ — ^ r- terms coming from ~, 

k= 1, 2, ...(n-1); 

9-Poo , , • . 9Q 

i>ano = -= — + a term coming from — ± : 

dx - dy 

Operate on each of these equations with 

( - 1 )- fc aS- 4 = 0,1,. ..n, 
and add. On the left we get the expression 
M(v) = 

This we define as the adjoint of L{u). On the right we get zero. For 

dP 
consider the terms coming from — . These give 

If, in the second sum, we put p = p' — 1 A: = A/ + 1, it goes over into 
the negative of the first, and the two cancel each other. Similarly 

for the terms coming from --=■. A necessary condition, then, that v 

should be a multiplier of L{u), is that it should be a solution of the 
differential equation M (v) = 0. That the condition is also sufficient, 
as well as that P and Q in (13) are not uniquely determined when v • 
is given, follows just as for expressions of the second order. As to the 
former point, we need merely notice that each of the P's itself occurs 
in one only of the equations above connecting the a's with the P's 
and the coefficients of Q, in an equation containing the derivative of a 
P the sum of whose subscripts is greater, that is of a P which may 
be supposed to have been already determined from the preceding 
equations. 
Writing the adjoint as 
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we may, from (14), calculate the b's in terms of the a's. 

Formulas for the coefficients of M(v) in terms of the coefficients of L(u) 
p + q = n: b pq =(— l)"Op a . 

p + q — n — 1 : 

p + g = n — fc: 



(ra — QJ afe-^p+j.g+fe-;- 

io i=o («— *) ! i ! (k—l—i) ! dz%*-*-* 



(15) 



Assuming for the moment the fact, which will be proved presently, 
that L(u) is the adjoint of M (v), we may obtain symmetrical formulas 
connecting the a's and b's. For the formulas expressing the a's in 
terms of the 6's may be written down from those just given by simply 
interchanging the letters a and b throughout. If now, from these two 
sets of formulas we replace, in the identity 

(- 1)*» Opg + (- 1)* b pq = (- l)* b pq + (- 1)» a Pq , p + q = n—k, 

on the left side Opq, on the right bpq, by their values in terms of the 
6's, o's respectively, we obtain the desired symmetrical formula, 



k-l k-l 



(n-Q! a*-*5 p 



y y(-l)i Kn-i)\ o- >o p +i, q+k -i-i 

= (— 1)"+* times the same function of the a's and their derivatives, 

p + q = n - fc.3 (16) 

3 It should be pointed out that these formulas are not precisely analogous 
to those obtained for the second order. For, if we put here w = 2, A; = 2, wa 
get, using the notation employed for the second order, 
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The first equation of (15) shows that a differential expression of 
odd order cannot be self-adjoint, nor one of even order equal to the 
negative of its adjoint. Let us call a differential expression that is 
the negative of its adjoint, L(u) — — M(u), anti-self-adjoint. Then 
we are led to inquire under what conditions a differential expression 
will be self-adjoint or anti-self-adjoint, L(u) = (— l) n M(«). Such 
conditions may be readily deduced from the symmetrical formulas (16). 
For let 

fc j>9 = ( — !)" a va> P + q — n — l, 

for p = 0, 1, . . . (n — t), and for all values of l< k,h being a given 
even integer. Then, on substituting these values in the left member 
of (16), all the terms but the last on each side cancel, and we have 
left 

&p« — (— 1 ) n a vi> p + q — n — k, 

p = 0, 1, . . . (n — k). Hence, by mathematical induction, we ob- 
tain the conditions (which are, of course, necessary) : 

Proposition 4. Necessary and sufficient conditions that a differen- 
tial expression should be self-adjoint or anti-self-adjoint, as the case 
may be, L(u) = (—1)" M (u), are that the coefficients of the(n — k)th 
derivatives in L(u), should be ( — l) n times the corresponding co- 
efficients of M (u) for all odd values of k. 

This proposition has already, in effect, been deduced for expressions 
of the second order; cf. (10), obtained from the second equation of 
(8) by putting &» = «». 

Lagrange's Identity. We may deduce for any differential expression 
a formula similar to what we have called Lagrange's Identity, or 
rather a great number of such formulas, by the following process : 

Take any term of vL(u), va - , where we now write a simply 

for the coefficient. We have, to start with, 

d k u __ d ( &- x u \ d(va) d^-l-u 






dxvdyi dx \ dxv—^yvj dx dx^-^y^' 

1& + 2 drty + ~W ~ fa ~ d V + 6 = the same f wction of the a'a, 

an equation which differs from the last equation of (9), written for the case 
of two independent variables, by the presence of the terms in the second 
derivatives; terms that cancel each other, indeed, on the two sides of the 
equation just written. The remaining equations, n = 2, k = 1, given by (16) 
agree with those of (9). 
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Treating the second term on the right in the same way, and so on as 
long as we can, we get finally 



va 



dzPdyi 



_ d_ f .dfc-iw \ _ d_ f djva) d*- 2 u \ 
~~ dx V dxP- l dyi) dx \ dx dxP~ 2 dy^J ' ' ' 
d_ f dv-^iva) Wu\ d_ f dP(va) d^u\ 
dx \ dxv- 1 dyi) T dy \ dxP dy*- 1 ) ' ' ' 
,/ nK-, d fdt-Hva) \ , . n ,. d k (va) 

+( ~ 1)fc_1 ^ Va^aH u J + ( ~ 1} 9*W u [ 

The last term on the right is the term of uM(v) corresponding to the 
term of vL(u) chosen. The other terms on the right are derivatives 
with regard to x or y of expressions bilinear in u, v and their deriva- 
tives of order less than n. Applying the same process to all the terms 
of vL(u), we reach the result: 
Lagrange's Identity. For any two functions u, v of x and y, 

t / \ u; i dS , dT 

vL{u) — uM{v) = — + — , 
dx dy 

where S, T are expressions bilinear in u, v and their derivatives of 
orders up to the (n — l)st. 

In the process sketched above, there is evidently much that is ar- 
bitrary. Thus we might equally well have written 

6*11 _ d ( d*~ x u \ d f djva) d*~ 2 u \ 



3*w 
dxvdyi 



a choice being offered at each, or at least at many of the steps of the 

process, of what the next term to be written down shall be; the last 

d k (va) 
term, in any case, being evidently as above (— l) k - — — — u. So 

that the S and T in Lagrange's Identity are far from being uniquely 
determined.* 

Corresponding to proposition 2, page 10, we have here also that if 
between any two differential expressions there, holds an identity of 
the form of Lagrange's Identity, then each is the adjoint of the other. 
This justifies the assumption made on page 14 above, that L{u) was 
the adjoint of M{v). 

* The process employed first above is that suggested by Darboux, Surfaces, 
2, 73, note. His identity numbered (7) on page 72 is derived by some other 
of the many possible processes. 
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II. Change of Dependent Variable; Invariants and Cova- 
riants. Invariants of a Differential Equation. 

§ 4. General Properties of Invariants and Covariants. 

We take up next the subject of the transformation of a differential 
expression by change of dependent variable and of the invariants and 
covariants of such a transformation. 

Taking our differential expression in the form (12), let it go over 
under change of variable, u = ^ (x, y( • n, into a differential ex- 
pression A(i?), with coefficients a. A(r)) will be of the nth order, 
and its coefficients, the as, may be readily calculated. 

Formulas for the coefficients of the transformed differential expression. 
p + q = n: a P q = a pq \l/. 

( # H\ 

p + q = n-l: op 8 = n^o p+ i, a — + Op, g+ i —I + a pq xj/. 

p + q = n — 2: 

n(n -1) f 8V , o «V ■ 3V\ 

° w - 2! [****• Q dx~ 2 + ap+1 ' 9+1 toty + ° p ' 9+2 df)\- (17) 

+ («— 1) I a P+l.«^ + °P.9+l^ ) + °P8'/'- 

p + q = n — k: 

ap9 ~ j^i5 (» - fc ) !il tt-i-i) i^ !+i ^a^H', 

Por ordinary differential expressions these reduce to 



_ X \ri — i) i a- *y ,- 1c .. 



-k)\(Jc-t)\~ 
while for expressions of the second order, 

dxidxj ^* * dxi 



»>7 

we should get 
vol. xliv. — 2 
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^ dip 

<H — 2 2< a H faT. + a iV> 



dxj 



(19) 



It is in the invariants and co variants of this transformation that 
we shall interest ourselves. These terms we define as follows : 

Definition. By an invariant of L(u) under the transformation 
u = yfr-rj is meant a function, I, of the a's and their derivatives 
such that the same function of the coefficients of the transformed 
differential expression is equal, by virtue of the formulas (17), to the 
original function multiplied by a power of ^. 

I (a's and derivatives) = <f^I (a's and derivatives), 

or, in a convenient abbreviated notation, 

1(a) = i/r"7(a). 

If ji — 0, we have an absolute, otherwise a relative invariant. 

By a covariant is meant a function, not only of the a's and their 
derivatives, but also of u and its derivatives, having an invariant 
property defined in a manner similar to the above. 

We shall concern ourselves wholly with rational, and principally 
with rational, integral invariants and covariants, and shall always be 
speaking of the latter, wherever the contrary is not stated or evident 
from the context. It will be noticed, however, that certain proposi- 
tions are true for invariants in general. 

We begin with some generalities. Every rational invariant is homo- 
geneous. For make the transformation u = c • v, c being any constant 
other than zero. The coefficients of the transformed differential ex- 
pression are each c times the corresponding coefficient of the original 
expression, a pq = ca pq , and the same is true of their derivatives ; so 
that we have: I(ca) — c? 1(a), which shows that I is homogeneous. 
We shall, in accordance with the usage in vogue for homogeneous 
functions in general, speak of p as the degree of the invariant, even 
when it is not a polynomial. The corresponding proposition for poly- 
nomial covariants is that the degree of any term in the a's and their 
derivatives minus its degree in u and its derivatives is constant and 
equal to p. 

We proceed now to attach a weight to each of the a's and its de- 
rivatives. 
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Definition. The weight or total weight of the coefficient 
pq> P + 1 — n ~ k, shall be n — k, and the weight of 



tf+iapq 



dx l dyi 
n — k — (i + ]); the partial weights with respect to x, y of a pg , 

p + q = n — k, shall be p, q respectively, and of . p ? , p — i 

and j — j respectively. The weight of a product shall be the sum of 
the weights of its factors ; and a polynomial will be said to be isobaric, 
totally or partially, if all its terms are of the same weight, total or par- 
tial. With this definition of weight we have the following proposition : 

Proposition 5. An invariant may or may not be isobaric; but if 
not, it is a mere sum of invariants which are isobaric. This statement 
may be interpreted with respect either to the total or any one of the 
partial weights. 

We give the proof for the former case. Consider the identity, 
1(a) = ^/(a). Let the terms of any given weight, w, in 1(a) be 
represented by O w (a); and let us fix our attention on the correspond- 
ing terms, G w (a), in 1(a). Suppose we attribute, for our immediate 
purposes, to ^ the weight zero, to its first derivatives the weight minus 
one, and so on. Then a comparison of the formulas (17) shows that 
a pq , p + q — n — k, is of weight n — kin this system of weights, 
while any of its derivatives is of weight equal to n — k minus the 
number of differentiations;, that is, the weights of the a's and their 
derivatives are the same as those of the corresponding a's and their 
derivatives. Thus G w (a) is of weight w, while all the other terms of 
1(a) are of some other weight; and consequently there can be no can- 
celling, whole or in part, between those two sets of terms. Therefore, 
in 7(a) = ^I(a), G w (a) must be equal to the terms of weight w on the 
right side of the equation : i. e., G w (a) = -<\r*G w (a), as was to be proved. 

This proposition is of service when we are inquiring as to what 
invariants of a particular degree exist ; in which case we may limit the 
inquiry to isobaric invariants, since all others can be built up from 
them by addition. 



§ 5. Particular Invariants. 

A simple set of invariants is furnished by the coefficients of the ad- 
joint differential expression. That these are invariants follows at once 
from the proposition : 

Proposition 6. The adjoint of the transformed differential expres- 
sion, A(i?), is ijr times the adjoint of the original expression, L(u). 
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For make, in Lagrange's Identity, 

vL (u)-uM(v)=- + -, 

the change of variable, u = yjr-rj. S, T go over into expressions S, T 
bilinear in t], v and their derivatives of orders up to the (n — l)st. 
This gives us, 

But the existence of an identity of this form between the two expres- 
sions A(j?) and y}rM(v) shows that they are mutually adjoint. 

The coefficients of the adjoint, the b's, are then invariants. They are 
linear in the a's and their derivatives; cf. the formulas for them (15). 
Moreover, it may be shown that they are essentially the only linear 
invariants (see below, page 26). In terms of these invariants and their 
derivatives — which latter, however, are not invariants — every in- 
variant may be expressed rationally and integrally, simply because the 
a's and their derivatives can be so expressed. 

Further, the b's form a complete system of invariants. This phrase 
we use in the following sense. Two configurations are said to be equiva- 
lent with regard to a given set of transformations if it is possible to find 
a transformation of the set that takes the first over into the second, and 
another that takes the second over into the first. A complete set of 
absolute invariants is a set such that if two configurations have the in- 
variants in question equal, each to each, then the two are equivalent. 
In the case before us we have to do with relative invariants. 

Proposition!. The linear invariants, the b's, constitute a complete 
system of invariants ; that is to say, if the linear invariants of two dif- 
ferential expressions are proportional, the expressions are equivalent. 

Let L(u), A(iy) be the two differential expressions, M(v), Mi(v) their 
adjoints. By hypothesis the coefficients of these latter are propor- 
tional; that is, each coefficient of Mi(v) is, say, 0{x, y) times the 
corresponding coefficient of M(v). Therefore M t (v) = 0-M{v). 
Now make in L{u) the change of variable « = 0-t\, and let it go over 
thereby into Ai (rj). The adjoint of Ai (r)) is, by proposition 6, times 
the adjoint of L(u), that is • M(v), that is, Mi(v). But Mi(v) was the 
adjoint of A(tj); so that Ai(t?) and A(tj), being each the adjoint of 
M\{v), must be identical; L(u) then goes over, under u = 0-v into 
Afo). Q.E.D. 

It is of interest to inquire after processes for deriving, from given in- 
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variants, other invariants. One such process is differentiation: the 
derivative, with regard to any one of the independent variables, of an 
absolute invariant is, in its turn, an absolute invariant; for from 

1(a) = 1(a), — — = — — - follows. Since the quotient of any two 

relative invariants of the same degree is an absolute invariant, this proc- 
ess supplies us with a means of deriving, from two such invariants, a 
third; a result which, since the denominator, and therefore also the 
numerator, of the derived invariant are themselves invariants, we may 
state in another form as follows : If h, h be any two relative invariants 
of the same degree, fi, then the Wronskian 



h 
h 



dh 

dx 

dh 
dx 



is also an invariant, and is of degree 2/t*. We note that this Wronskian 
process admits of extensions. If, for instance, Ii, h, h be three invari- 
ants of the same degree, ft, then both 



i2 -r- 



h ^ 



dx 


d*h 

dx 2 


dl 2 

dx 


d 2 h 

dx 2 


dh 

dx 


dV 3 
dx 2 



and 



dh dh 

dx dy 

dh dh 

dx dy 

dh dh 

dx dy 



h ^ ^ 



-«3 ^ — 



are invariants. And in general the following precept may be laid down 
for derivinglnvariants. Write down, as the first column of an m-rowed 
determinant, m invariants of the same degree, ft. Take for the elements 
of any other column the derivatives, with regard to any given one of the 
independent variables, of the elements of some preceding column. ~ 
This independent variable may be different for different columns. The 
determinant so constructed will "be an invariant of degree m/it. The 
proof consists in writing down the transformed Wronskian, when 
everything except ^ ,m ' i times the original Wronskian will be seen to 
vanish. 

In particular we may derive invariants by this Wronskian process from 
our linear invariants, the b's. For instance, let b stand for any given 
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one of the 6's. Then — ^ 6 — b va — is an invariant of the second 
dx ■* m dx 

degree. But so also is b 2 . Therefore 

is an invariant of the third degree; and so on. These invariants are 

evidently merely the numerators of the various derivatives of -P. 

With regard to them we have the following proposition : 

Proposition 8. Let 6 be any chosen one of the b's. Then every in- 
variant can be expressed rationally, and save for the possible presence 
of a power of b as a denominator, integrally, in terms of b and the 

numerators of -4p , -4^- , . . . and the numerators of the derivatives 

of -p, -Tp, ... all these numerators being themselves rational, 

integral invariants. The notation chosen for the enunciation refers to 
the case of partial differential expressions in two independent variables : 
the proposition is valid in every case. 
Let the invariant 7(a) be expressed in terms of the 6's : 1(a)— J(b) i 

Put m = t'I), and let L(u) go over into A (rj). Since the adjoint of 
^■(v) i s T times the adjoint of L(u) we shall get 1(a) by substituting 
in J (b), for b pq , b p ,^, . . . and their derivatives, -Jp, ~^ , . . . and 

their derivatives. But 1(a) = j- 1(a). This gives us 

/ db 8b pq db db pi \ 

J \b, ftpj, p , q ,, . . .; dx , dx , . . .; by , Qy , . . .J ^ 

As to a determination of all invariants of the second degree, see below, 
page 26. 

§ 6. Particular Covariants. 

The simple set of covariants which we now go on to deduce will be, 
apart from such interest as they may possess in themselves, of use to 
us later in another connection. For ordinary differential expressions 
the n + 1 expressions 
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^ (n - I) ! ffl-ht ' ,_ 

Z (n _ A ) i (i _ /) i °»-' dx k-i> * - U, l, . . . «, 

are absolute covariants. Note that for & = re the expression reduces 
to L(u). This result is simply a translation into terms of differential 
expressions of the corresponding facts in the case of ordinary differential 
equations given by Wilczynski, Chapter II, § 2.6 And what follows 
is a mere extension to the case of partial differential expressions. 

The formulas, (17), expressing the a's in terms of the a's may be 
given a form more advantageous for some purposes by introducing, in 
the coefficients of Liu), A.{i)), further binomial coefficients. Let us 

put apq = -; , c pq , p + q = re — k, and, correspondingly, 

\fl — fC) I fC I 

re! 
apq = , _,,,,, ypa- L(u) thus becomes, 

" *£? re! d n ~ k u 

L(u) = 22 tt~, — i c p« a «.-> „ > p + q = n — k, 

while the formulas of transformation are 

_ ^ ^f k\ 6*-^ 

ym ~Co So l\i\(k-l-i)\ Cv+i '*+ k - l - i d x idy*-i-i' 

p + q = n-k, (20) 

formulas in which everything except the subscripts of the c's is inde- 
pendent of re. Now let L,(u) be an expression of the jth order, j ^ re, 

If we make the change of variable u = <p • rj, the coefficients of the 
transformed expression will, by (20), be given by 



k k—l 

2 2iu! (&-/-;) r p+t,9+ft_t-l az%fc 



*™ = Z Ainuk-i-iv. *+*.«+*-*-< a-Awin-i' ? + ?=;-*■ 



Now take any two numbers p, q such that p + q — n — j. If we put 
dps = Cp+p.g+g for all values of p, q such that p + q^j, the expression 
just written for B pq goes over into 

6 These covariants were first given by Cockle, Phil. Mag., 30 (1865); see 
Bouton's paper in the Amer. Jour, of Math., 21 (1899). 
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Z Z i\i\(k-i-i)\ c ^+ i -«+8+*- l - i ax%*-^ ' 

that is, by (20), since p + p + ? + 9 = w — K into 7p+p, ff+ j. We 
have then, B m = 7 P +p, a +g. Comparing this with the formulas 
connecting the d's and c's, rf pa = Cp+p, 94.5, we see that for these 
values of the d's Lj(u) is an expression that goes over under u = ^ • ij 
into the same function of the 7's that L 3 (u) itself is of the c's ; in other 
words, it is an absolute covariant. Inserting then these values of the 
d's in Lj(u), replacing the c's by the o's, and multiplying through by 

—., we get the proposition : 

Proposition 9. The expressions 

fc ?op?o^TF^' 9+5 ^' ' P + q = ] - k ' 
j = 0, 1, . . . n, 

are absolute covariants for u = yjr • rj. Here p, q are any given positive 
integers (or zeros) subject to the condition : p + q = n — j. 

For j = n, we get L(u) itself. 

For j = : a pq u, p + q = n. 

For j = 1 : n (^+i.s^; + a p , q+1 —J + a m u, p + q = n-l. 

We note that these covariants are what might, in accordance with a 
nomenclature we are about to introduce, be called covariants of the 
differential equation. 

§ 7. Multiplication of L(u) by <j>; Invariants of a Differential 

Equation. 

Let us now consider briefly a second transformation to which a 
differential expression may be subjected, namely, that of multiplying 
it* through by a function <f> of the independent variable or variables. 
Represent the coefficients of (j>-L(u) by a's. Then we define as an 
invariant of this transformation an expression 1(a), such that 
1(a) = <f>e-I(a). 

Between the invariants of L(u) and those of M(v) a simple relation 
exists. 

Proposition 10. An invariant of a differential expression for a 
multiplication by <j> is an invariant of its adjoint for change of de- 
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pendent variable; an invariant for change of dependent variable is 
an invariant of the adjoint for multiplication by <£. 

We prove the first part of the proposition. Let 1(a) be an invariant 
of L(u) for multiplication by <j>; and let 1(a), expressed in terms of 
the b's, be J(b) ; 1(a) = J(b). Let M(v) go over under v = <f> • v linto 
Mi(vi) with coefficients j3. Then by proposition 6, page 19, (j>L(u) 
and Mi(vi) are mutually adjoint. Therefore !(<*) = J(ft). But 

1(a) = <t>rf(a) = ^J(b). 

Therefore J(fi) = <pJ(b). Q.E.D. 

Expressions 1(a) that are invariant not only for change of dependent 
variable but also for multiplication of L(u) by <f> it will be natural to 
speak of as invariants of the differential equation L(u) = 0. 

Now let 7(a) = J (b) be any such invariant. By the proposition just 
proved J (b) is also an invariant of the differential equation M (v) — 0. 
Therefore J (a) is an invariant of L(u) = 0; and, the relation between 
L(u) and M (v) being reciprocal, J (a) =I(b). 

Proposition 11. If I(a)=J(b) be an invariant of a differential 
equation, then so also is J (a) =I(b). We shall call either of two such 
invariants the adjoint of the other. 

It is evident that proposition 5, page 19, may be extended to in- 
variants of a differential equation: if not itself isobaric, such an in- 
variant is nothing more than the sum of invariants which are. 

As to a complete system of invariants of a differential equation see 
below, page 29. 

§ 8. Invariants of the First and Second Degree of Differential 
Expressions and Equations. 

A problem of interest with regard to the invariants of a differential 
expression or those of a differential equation is that of determining all 
the invariants of a given degree. The results which I have been able 
to obtain concern invariants of the first and second degree. 

The methods I have employed are as follows. In the first place, as 
we have seen, we need merely consider invariants isobaric with respect 
to each independent variable. Next, in the case of invariants of a differ- 
ential expression, we may confine ourselves to such as are homogeneous 
in each b and its derivatives. For if we call the coefficients of yjrM(v) 
b's, we have 

1(b) = *p*I(b). 
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Now consider the terms of 1(b) homogeneous of any given degree in 
any given one of the b's and its derivatives. The corresponding terms 
of 1(b) will, since the b's are simply the b's multiplied by ^r, be homo- 
geneous of the same degree in the given 6 and its derivatives ; whence 
it follows that the terms of 1(b) in question will themselves constitute 
an invariant. 

The result just obtained enables us to determine at once all linear 
invariants of a differential expression. For such an invariant may 
now be taken as containing one of the b's and its derivatives only. 
Then if we consider any of the derivatives of the highest order of that 
b occurring in 1(b), 1(b) will evidently contain uncancelled the same 
derivative of yjr; so that, if we are to have 1(b) = 1/^7(6), I can con- 
tain no derivatives of b at all. (Similar considerations would show 
that an invariant of any degree, involving one of the b's and its deriva- 
tives only, is essentially nothing more than a power of the b.) 

Proposition 12. Essentially the only linear invariants of a dif- 
ferential expression are the b's themselves, all others being linear com- 
binations of these invariants. 

The general problem, apart from this simple case, may be attacked 
by the use of Lie's methods, as illustrated in Bouton's paper in the 
American Journal of Mathematics, vol. 21. The complete system 
thus obtained of linear partial differential equations, whose solutions 
are the invariants sought for, takes on, in the case of invariants of a^ 
differential expression, a particularly simple form if everything is 
expressed in terms, not of the a's, but, as above, of the b's and their 
derivatives. I bring together here the results I have obtained by the 
use of these and such other methods as suggested themselves, in each 
particular case, as appropriate. 

Proposition 13. Essentially the only invariants of the second de- 
gree of an ordinary differential expression are, besides powers and 
products of the 6's themselves, those of the form 



dbi , , dbj 
dx 1 * dx 



of a partial differential expression in two independent variables, those 
of the form 

dbi i t d°i dbi, , 96/ 

te°> 0i dx' dy 0j l dy' 

t>i, bj being any two of the 6's. 
Essentially the only invariant of the first degree of an ordinary 
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differential equation is b n and essentially the only invariants of the 
second degree are b n 2 and 



n(n— 1) fdb n , , db n —i\ n — 1 



, , n(n— 1) /e$„ , , d&„_i\ 



&n- 



, w(n — 1) ( da n da n -{\ n — 1 „ 

= ^«na„_ 2 + 2— ^ a„_! -a n -^j ^- a^, 

which is raa n times the invariant called I n _2, (23) below. 

Essentially the only invariants of the first degree of a partial differ- 
ential equation of the second- order in two independent variables are 
&n> bi2, &22> an d of the second degree, besides powers and products of 
the bf/s, those of the form 



dby , , db k i dbij , , dbki 

^hi-bit—, —fa-la—, 



£hi-b i} —, -gbki-b i} 
invariants which involve the b's with two subscripts only. 
[III. Reduction to Canonical Form. 

§ 9. Ordinary Differential Expressions. 

Another method of treating the problem of invariants, a method 
that applies to the case of an ordinary differential expression, is to 
reduce that expression by a suitable change of dependent variable, 
to what we shall call its canonical form, namely, a form in which the 
coefficient of the (n — l)st derivative is zero. 

The corresponding investigation for the case of ordinary differential 
equations will be found in Wilczynski, Chapter II, § 2.6 The treat- 
ment of the two cases is, to a large extent, identical ; so that what fol- 
lows is given not so much for its own sake as because a number of 
the results admit of extension to partial differential expressions. 

Suppose then we have an ordinary differential expression 

L(u) = a n wW + ....+ aow, 

accents denoting differentiation. Let it be reduced, by the change of 
variable u= 0-rj, to canonical form 

A( v ) = An-q^ + A n -^ n -^ + . . . . + Aov 

6 We note, to avoid confusion, that Wilczynski calls our canonical form 
semi-canonical. The method is due to Cockle, Philosophical Magazine, 39 
(1870); see Bouton's paper in the Amer. Jour, of Math., 21 (1899). 
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We see, from (18), that to have A n -i = 0,0 must satisfy the equation 
na n 0' + a n -\0 = 0, 

or $i - -l ?H=L 0, (21) 

n On 

The other coefficients are given by the formula 

An-k = g (<t _ t)!(t -t)i e(k ~ l)a ^- (22) 

Substituting herein the values of the derivatives of 8 obtained from 
(21) by differentiation, we find that An—k is times a rational func- 
tion of the a's and their derivatives, say A n —k = In—k(a) 0. Here 
we use the letter I because the expressions in question are, in fact, 
invariants. For let L(u) go over under u = ■/'•«! into £i(«i) with 

coefficients a. Then £i(mi) will go over by u\ = — t) into A(»/) above. 

Since this is a canonical form for Li(ui), as well as for L(u), we shall 
have 

A n -k = In—k( a )-^- 

Comparing this with A n —k = In—k(a)Q, we get 

I n -k(°) = *l>In-k{a)- 

The expressions In—k — A n —k/6, k = 0, 2, 3, . . . n, are then rational 
invariants, of the first degree, of the differential expression. Moreover, 
they are invariants of the differential equation. 

For it will be seen from (21) that O'/0 is the same for <f>L(u) as for 
L(u) itself, and the same, it is clear, will be true of 6 (h ~ i yd. We see, 
then, from (22), that In— k, that is A n —k/6, formed for <f>L(u) is <j> times 
In—k formed for L(u) ; or In—k is an invariant for multiplication by <f>. 

Now, further, suppose that two differential equations, L(u) = 
and L\ (mi) = 0, have these invariants proportional ; that is to say, 
if L(u), L\ (mi) go over by u = • rj, mi = #i • t] into canonical forms with 
coefficients A and A respectively, then A n —k/0 = p(x)A n —k/6\- If 

now we multiply the former of these canonical forms by — , it goes 

over into the latter. We have thus the proposition : 
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Proposition 14. The expressions 

/»-* = — , 4 = 0,2,3,. . . n, 

where the ^4's are the coefficients of the canonical form into which L(u) 
goes over by u = 6 ■ t], form a complete system of invariants of an or- 
dinary differential equation ; a complete system, that is, in the sense of 
equivalence, as explained on page 20. 

Next let J be any rational invariant, of degree fi, of the differential 
expression. 

6*1 (On, On', • • • On— 1, d n — 1'» • • • 0»— Jfc, 0>n— k> • ■ •) 

= 1 \A n , A n , . . . 0, 0, . . . A n — k, . . . A n — k> • • •) 

which, since I is homogeneous, is equal to 

Cu.T (An An - _ A n — h An—k \ 

61 {T'T"-- ' "-' ~T' ■ ■ ■ ~e~' ••• ) 

= 0*1 (Z n , I n i, . . . 0, 0, . . . I n —k, In—k,b • • •)> 

if we put I n — k, i = An—k/6- The expressions I n — k, i are, like I n — k, 
rational invariants of the first degree. This we shall prove in a mo- 
ment, and thus get the proposition : 

Proposition 15. Every rational invariant of a differential expression 
under change of dependent variable is a rational function of the 
rational invariants of the first degree 

t A n —k r A n —k 

in—k — 6 ' -In—k, I — a > 

where the .4's are the coefficients of the canonical form into which L(u) 
goes over under u = 0-r), and satisfies (21). 

I(a n , On', • • ■ a n -i, a n -i', . . . a n -k, ■ • • a n -k, • • ■) 

= I(In, Inl, • • ■ 0, 0, . . . I n - k, • • • In—k, I, • • •)• 

In particular, if J be a polynomial, it is a polynomial in these invariants 
as well. 
We note that 

, n(n— 1), , .. n — 1 „ 

na n On—2 H 5 (On'On—l — Onan—l') 5 — ffln-1 

In-2 = . (23) 

na n 

This is the invariant of proposition 13, page 26. 
It remains tqjprove that I n —k, i is a rational invariant of the first de- 
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gree. This may be done by mathematical induction. For I n — k is such 
an invariant. Suppose, then, that /«— jb, i is. 

, l «+n l d m u 

J "- ft - '+ 1 = 6 An ~ k = 9 dx iAn ~ k) = '6dx {In - kA$) 
T . 1 a n —i T 

= *n- k, I ln—k, I • 

n a n 

So that I n —k,i+i is rational, and will be an invariant of the first degree 
by the following proposition : 
Proposition 16. If I be an invariant of degree k, then so also is 

jf K &n — 1 j 
n On 
For it is equal to 

— -(nan' — o„_i) I + a n I' — ha n 'I 
a n \_n J 

Here a n and na n ' — a n —\, which is simply (— l) n b n —i, are invariants 
of the first degree, while I/a n k , and therefore its derivative, too, is an 
absolute invariant. It is apparent that the whole expression is an inva- 
riant of degree k. 

§ 10. Partial Differential Expressions : Conditions for the 
Possibility of Reduction to Canonical Form. 

We pass now to partial differential expressions. Here it is not in 
general possible, as will appear, to reduce the expression, by a change 
of dependent variable, to canonical form, where now by a canonical 
form we mean an expression in which the coefficients of all the (n — l)st 
derivatives are zero. Let us ask ourselves under what conditions this 
will be possible. The problem is of interest, not only in itself, but be- 
cause it will suggest to us certain expressions analogous to the invari- 
ants A n —k/6, to which we were led, in the case of ordinary differential 
expressions, by the reduction to canonical form ; and these expressions 
will turn out to be, like their prototypes, invariants of the differential 
equation L(u) =0. We shall also find something analogous to the 

«) 
invariants A n —jc/9 of the differential expression L{u). 

Let us notice first that the property, the conditions for whose exist- 
ence we are seeking, is an invariant property. It is evidently so for a 
change of dependent variable; and it is so also for a multiplication of 
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L(u) by <j>. For if L(u) go over under u = 0-t] into a canonical form 
A {7}), <f>L(u) will go over under the same transformation into <j>A(i]), 
which is likewise canonical. We shall be inclined, then, to expect that 
the conditions in question will consist in the vanishing of expressions 
which are "invariants of the differential equation." And such proves 
to be the case. 

We examine the question first for an expression of the second order. 
Let 

Tf \ ^C d*u -^ 3m 

hi 



dxidxj 



' dxi 



au 



go over, by u = 0-7), into 



If this is to be canonical, we must, by (19), page 18, have 
+ Oi = 0, i = 1, 2, ... m 



'3«'-%r 



If 



A = 



«n 



aiv 



Oml 



Qmm 

a log a, 



*0, 



i = 1, 2, . . . m. Note 



these equations may be solved for 

here that A is an invariant of the differential equation. The solution 
in question will be 





an • 


• Ol, i— 1 


a\ 


«1, i+1 • • 


• ai m 






dlog(9 


ami ■ 


• a m> i—i 


a m 


am, i+1 • 


■ a mm 



da?i 



2^ 



(24) 



let us say. Necessary and sufficient conditions that these equations 
possess a solution log are 



dKj d«j _ 
dxj dxi ' 



i, j = 1, 2, . . . m. 



(25) 



The expression on the left of this last equation is an absolute inva- 
riant of the differential equation. For, first, /e it k^ themselves are abso- 
lute invariants for a multiplication of L(u) by <p. Next, if L(u) go 
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over by any transformation u = ^r-r) into an expression with coefficients 
a, and K t be the same function of the a's that K t is of the a's, we see 
without difficulty from (19), page 18, that 



K% — K\ ' 



so that 



3kj 



2i _ 



3 log <^ 
dxi ' 

3ki Bkj 



(26) 



dxj dxi dxj dxi 



The invariant of the differential equation adjoint (proposition 11, 



page 25) to the invariant just found is 



dxj dxi 



, if \ be the same 



function of the b's that K i is of the a's, that is, by (8), page 9, if 



h 





Oil • 


■"•« 2 ?^- 


ai 

1 


ai,i+i • 


• dim 








dml ■ 


7 dxj 


- a m 


Om,i+l • 


• • ®mm 



2A 



(27) 



(d\i dXj\ fdi<i 9 K j \ , . . 
r— ) — (r r— ),of these two invariants 
OXj oX% J \uXj OX{ J 

of the differential equation is an invariant that we shall come across 
later. 

Consider next a differential expression of the nth order. If u = • 17 
carry it over into a canonical form, we must have 

/ 3log0 , 3log0\ , 

n I Op+i, a — + a p , g+ i — — - 1 + a pa = 0, 

p + q = w — 1, p = 0, 1, . . . (ra — 1). 

Conditions necessary and, in general, sufficient for these equations 
being algebraically solvable are that all three-rowed determinants of 
the matrix 

ffll.n— 1 OOn OO.n— 1 



a P+l. 8 **Pi 8+1 a P8 

«n0 «n— 1, 1 On— 1, 

should vanish. Any one of these three-rowed determinants 
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1 = 



a Pi+l, 9i 
a P,+l. 9. 
a P 3 +l. 9» 



a Pl, 81+I 
a Pv 92+1 
a Ps, 93+1 



°Pl9l 

a PiQ* 



, Pi + qi = n — 1, (28) 



is an invariant of the differential equation. That it is invariant for 
m = ty • -q is seen at once from the formulas of transformation (17), page 
17. The adjoint invariant is 



J = (-!)». 



°Pi+l>9i °Pi.9i+l w l dx + g I - °P : 

[ d a P,+l,q, I d a P„9,+A „ 

v~to— + ^ _ ; _a » 



«P.+1,9, a P„9 2 +l ra ( 



(' 



9a P8+1.93 , d a P„,9»+A 



«Pa+ 1. 99 °Ps, 9s+l n \ " dx "" + "fa" ' ' ) — <h»Q, 



(29) 



And I + (— l) n ~ 1 J is an invariant of the differential equation that 
we shall come across later. 
The remainder of the treatment is like that of the second order. 



dlogfl 



a Pi9i a Pi.9i+l 
"viQi a Pa.9>+l 



dx 



nA 



K u 



dlogfl 



a Pi+1.9i a Pi9i 
a Pa+1.9i a Pz9i 



dy 



nA 



= K2, (30) 



A = 



a Pl+1.9i a Pi.9i+l 
°P»+1.9» a Pj,92+l I' 



Pi, qi being any positive integers such that pi + qi = n — 1. The con- 
dition for a solution is : 



dy dx ' 



(31) 



where the expression on the left is an invariant of the differential equa- 
tion. If ki, «2 refer to A (rj) into which L (w) goes over under u = ^ • rj, 



«i = k l — 



dlogi/' 

dx ' 



«2 = K 2 — 



3logi/f 
3y 



(32) 



The invariant adjoint to (31) is — —2, where 



Xi= 



„ / aa Pi+l,9i , 9a Pi.9i+A 

V to dy- J 



Pi3i 



Pill 



°Pi.9i+l 

°P..92+1 



with a similar expression for X,2- 

VOL. XLIV. 3 



nA 



(32o) 
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§ 11. Partial Differential Expressions: Invariants suggested 
by the Reduction to Canonical Form. 

In the case of ordinary differential expressions we have seen (propo- 
sition 15, page 29) that An—k/0, k = 0, 2,3, ... n, are invariants of 
the equation L(u) = 0, the A's being the coefficients of the canonical 
form derived from L(u) by putting u = 8-t], where- 6 is defined by 
(21), page 28. Are there any corresponding phenomena in the case of 
partial differential expressions? In the first place it is clear, and 
might be proved in the same way, that for such partial differential ex- 
pressions as can be reduced to a canonical form by u = • i), where 
is defined by (30), the coefficients of that form divided by are inva- 
riants of the equation, to use the term in such a sense, for that particular 
class of differential expressions. But for other differential expressions 
the proof that these same functions of the a's and their derivatives were 
invariants of the equation would no longer hold. It turns out, never- 
theless, that they are in fact invariants of the differential equation, as 
we now go on to show. 

Let us see just what it is that we wish to prove. Consider the for- 
mulas for the a's in terms of the a's, 



* k-l 



- N 1 ^ (n-Ql &~H , 1T . 

~ S j3 (n - k) ! * ! (k - I - i) ! ap+i ' * f *-*" 1 dxi By**-* ' {17) 
p + q = n — k. 

Now suppose that we substitute in this formula for ifr and its deriva- 
tives 6 and its derivatives, — , — being given by (30), that is, 
69 ' a de - a 

T- = K\V, T- = K2V, 

dx by 

and the higher derivatives of being determined from these formulas by 
differentiation and the substitution, at each step of the process of differ- 

entiation, of «i0, k 2 for — , — respectively. This rule, it will be 

noticed, does not completely determine the expressions to be sub- 
stituted ; for we may, to take an instance, in accordance with its direc- 

tions, substitute for — — - either -— 6 + «i — , that is ( — — h kj^ 1 0, 
dxdy by by \by J 

or else -— 6 + k% — , that is I - — h kik 2 | 6. But this does not matter. 
bx bx \bx J 

We suppose the expressions to be substituted for any given derivative 



IRWIN. INVARIANTS OP LINEAR DIFFERENTIAL EXPRESSIONS. 35 

of ^ to be calculated in any way whatever in accordance only with the 
rule above. These expressions, as we see, will be 6 times polynomials 
in k v k 2 and their derivatives. If, finally, we divide the whole by B, 
we get a rational function of the a's and their derivatives, and it is 
this latter expression that we wish to prove an invariant of the differ- 
ential equation. What we have to prove, then, may be stated in the 
proposition : 

Proposition 17. The expression 

6 fy Zfr-fyliHk-l-i)! ap+i - a+ * _M dx^dyk-i-i ' (33) 
p + q = n — k, 

is an invariant of the differential equation L(u) = 0, where the deriva- 
tives of 6 are obtained from 

£-«* %—> (34 > 

by the rule above, and k\, k 2 are defined by (30). It is an invariant of 
degree one. 

First, it is an invariant for a multiplication of L(u) by <j>. For «i, k 2 , 
and therefore their derivatives also, are absolute invariants for this 
transformation. So too, then, is any derivative of 6 divided by 6; 
while finally each of these latter expressions is multiplied by an a. 

Next we have to prove that our expression (33) is an invariant for 
u = i}r-i). To this end let us turn back to the absolute covariants of 
proposition 9, page 24. If we divide any one of these by (n — j) I u, we 
get a covariant of the first degree, which, by a change of notation, 
we may write 



k k-j 



1 ^ » (ra-Ql g*-fe 

p + q = n — k. 

Here we note the close analogy in form with (33). In fact, this co- 
variant may be obtained from the formula (17) for a pg , reproduced on 
page 34 above, by the substitution for the derivatives of ^ of the cor- 
responding derivatives of u divided by u, just as (35) is obtained from 
the same formula by the substitution of certain polynomials in k\, k 2 , 
and their derivatives. 
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Now, since we have parallel with each other 

du 



dx 


du _ dx 
dx u 


— = kzO 

dy 


du 

du dy 

r- = U, 

dy u 



it is evident that, however, from the formulas on the left, we may cal- 
culate the value of any derivative of 6, that value, divided by 6, will 
be the same function of «i, k 2 , and their derivatives, as is the corre- 
sponding derivative of u divided by u of — u, — u, and their 

derivatives. And thus we t each the result that our expression (33) is 
the same function of k±, k 2 , and their derivatives, that the covariant 

(35) is of — u, — u, and their derivatives. 

dx/ dyl 

From this it follows at once that the former, like the latter, is inva- 
riant of degree one. For the two sets of arguments in question are co- 
gredient with each other, since we have seen, (32), page 33, that if k\, k 2 
stand for the same functions of the a's that #1, k 2 are of the a's, then 

«1=*1-Tt-| K 2 — K 2 — , 

xf/dx \pdy 

while parallel with this we have 

dr} du dr) du 

dx _ dx 1 <ty dy _ dy 1 d>j> 
17 u if/ dx' t\ u 'I' dy' 

and this parallelism, of course, extends to the derivatives of the quan- 
tities in question. Thus the proof of our proposition is complete. 

We see from the formulas for k u k 2 , (30), page 33, that our invariants, 
if reduced to a common denominator, will be polynomials in the a's, 
and their derivatives divided by a power of A. These polynomials will 
then themselves be invariants of the differential equation. 

The simplest of our invariants are those derived from ap q , where 
p + q = n — 2. Here we have two invariants, 
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7 nin - 1) r fdKi , ,\ , fdn \ 

h = g a P+ 2 -9 I ~foc + K1 ) + 2 °H-i.«+i I qT + "1*2 1 

+°p,«+2 ( q- + *2 2 J + (n — 1) a p+ i tQ Ki + a P ,g + iK 2 + a pa , 



and J2, which differs from 7i in that it replaces — — + k\k 2 in the coeffi- 

dy 

cient of a p +i iq +i by —■? + kik2- Thus 



J: - I 2 = »(» - l)a p+1)8+1 (I 1 - g?). 



flp+l,g 


a p +i, a +i 






a P +2,q 




°p+i.« 


Gp>4+1 0p,g+2 






Op+1,9+1 


Op,q+l 


ra.4 


, «2 — 


n.4 




^ = 


°P+2,« 


ap+i,a+i 








flp+1,8+1 




a p 


8+2 







Here, since p + q = n — 2, a p -|.i ig+ i is an invariant of the differential 
equation, and the other factor we already know to be such, (31). 

In (30) pi, qi are subject only to the condition jn + qi = n — 1. 
We may, by a special choice of these numbers, considerably simplify 
l\ and I 2 , or rather their sum. For putting pi = p + 1, qi = q, 
P2 = P, ?2 = q + 1, we get 



*i = — 



This would mean that acj, « 2 had been obtained as solutions of the 
equations 

ra(op+2 >9 Ki + a p +i, q+ iK 2 ) + a p +i, 8 = 0, 

w(Op+l,5+l*l + Op,g+2K2) + Op,«+l = 0; 

from which, by differentiation, we get 



< 



a p+2,g jjj + ap+i,a+i 



/ 9«i , a«2\ 

^Op +l , 9 +i^-+a P , s+ 2^-J 

— _ re / r ag p+i.g+i 



9«p+2,g . 90p+l, g +i 

~w K1 + ~dx~~ K2 



)- 



dflp+l.g 

dx ' 



*1 + 



9flp, g +2 \ da Pl , 

by **) ~dt 



dy 
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With the help of these four equations, I = $(h + I?) reduces to 



j_ ".(p—l) r / 9«p+2, g . dap+i,,+i \ k / 9a P +i, g + i aa p , g+2 \~| 
2 \_\ dx dy J 2 \ dx dy /J 

. n — If . "I n-lfda p+ i tq da p<q+ i~] 



p + q = n — 2. 



For ordinary differential expressions this reduces, as it should, to 
the invariant of the differential equation which we have called, (23), 
page 29, -4„_2/0 or I„_2, if we put, as proper, 



Kl = — 



a»-i 
nan 



«2 = 0. 



For the second order, n = 2, m variables, the corresponding inva- 
riant is: 

where ^4ij is the cof actor of Oij in 

on ... ai m 
A== 

a ml • • • Omm 

This becomes for two variables, m = 2, 

I = t— r 4 <^4 — (ai 2 022 — 2 aia2ai2 + a2 2 an) 

• - 

+ 2 (aia,22 — O2O12) ( - 

■<4 = fflll022 — Ol2 2 . 

Invariants of a partial differential expression analogous to A n —k/0. 
We have found now invariants of a partial differential equation analo- 
gous to the invariants A n _ k /6 of an ordinary differential equation. It 

remains to discover the analogue of A n —k/0, which, we remember, 
was an invariant of the differential expression. This merely amounts 



' dan dai 2 \ 
dx dy J 
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(see proposition 16, page 30) to an inquiry after a process analogous 
to the process by which from an invariant I of degree one, or, more 
generally, of degree k, of an ordinary differential expression, we de- 
rived a second, I' — /. The inquiry is answered by the fol- 
lowing proposition : 

Proposition 18. If J be an invariant of the kth degree of a partial 
differential expression, then so also are 

d ic + kKlI > 
| + « 

ki, «2 being defined by (30), page 33. Further, if p + q = n — 1, then 

dl dl k , 

«P+i.s^+Op,s+i^-- "pal- 
is an invariant of degree k + 1. 
We notice that the first two of these invariants may, with the nota- 

1 r) 1 rl 

tion of (30), be written as p — (0 k I), ^ ^r (8 k I), just as for ordi- 
nary differential expressions the derived invariant may, with the 
notation of (21), page 28, which corresponds to (30), be written 

Proof. The first of the invariants above, formed for the transformed 
differential expression, is 



dx 



ty*J) + Rvpl = ty*"l ^ I + p ¥- + k ( K1 - \ ?f) pi 

So for the second invariant. To get the third of the above invariants, 
multiply the first by a Pl +i,a„ the second by a Plt8l +i, and add. This 
will give us, since each of these multipliers is itself an invariant — for 
f\ + <7i = n — 1, (30) — an invariant of degree k + 1; and by (30) 
that invariant will be the third of the expressions above. 
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IV. Change of Independent Variables; Invariants and 
Covariants. 



§ 12. General Properties. 

We come now to change of independent variables and the invariants 
and covariants of this transformation. A differential expression in the 
independent variables x it . . . x m goes over, under the change of 
variables 



Si — *tv"li • • • &m)> 



i = 1, 2, 



m, 



into another of the same order. With regard to the coefficients of the 
latter, which we may call a, let us note, in the general case, certain facts, 
sufficient for our purposes. 

Any derivative of order k of u with respect to the x's is a polynomial 
in the derivatives, of order k and less, of u with respect to the |'s, and 
in the derivatives of the £'s with respect to the x's, and is linear in the 
former set of arguments. These facts follow at once, directly for the 
first derivatives, by mathematical induction for the higher derivatives, 
from the formula 

d >j fa d 

dxi -4* dx{ d£/ 



Hence the a's are polynomials in the a's and in the derivatives of the 
£'s with respect to the x's, linear in the a's. The derivatives of the a's, 
on the other hand, with respect to the £'s, are linear polynomials iii the 
a's and their derivatives with respect to the x's, with coefficients poly- 
nomials in the derivatives of the £'s with respect to the x's, the whole 
divided by a power of the functional. determinant of the £'s with re- 
spect to the x's, 



J = 



fa 
dxi 



ax m 



dim 

dxi 



fan 

dx„ 



This follows from the formula 



fa 4 



dXj d 
9& dXj 



Jii d 



-y J dx/ 
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J H being the cof actor in J of — -. For the second order, the formulas 

OCCj 

of transformation run as follows : 



an = ^ au 



k,l 



dX/e dxi 






k,l 

a = a. 






(36) 



We next define what we mean by invariants for this transformation. . 

Definition. By an invariant for a change of independent variables 
is meant a function of the a's and their derivatives with respect to the 
re's such that the same function of the a's and their corresponding de- 
rivatives with respect to the |'s is equal, by virtue of the formulas of 
transformation, to the original function multiplied by a power of J, the 
functional determinant of the f 's with respect to the x's : 

1(a) = J»I(a). 

What we shall have to say about invariants will, in general, as hitherto, 
refer to polynomial invariants. 

As to covariants, besides such as we have already made acquaintance 
with in the case of change of dependent variable, involving u and its 
derivatives, we have here a second kind, involving dxi, . . . dx m . These 
two kinds we may distinguish as covariant differential expressions and 
covariant differential forms respectively. If we replace u in a covariant 
differential expression by an absolute invariant, it is clear that we shall 
get an invariant; thus this sort of covariant may be regarded as an 
operator for deriving invariants ; from this point of view it is what is 
known as a differential parameter. 

As to the general properties of invariants, we begin with the propo- 
sition : 

Proposition 19. If we define the weights of the a's and their deriva- 
tives as in the case of change of dependent variable, page 19, every inva- 
riant is isobaric, of weight w, with respect to any one of the independent 
variables. Its partial weight, then, with respect to any one of the 
variables is the same as with respect to any other. 

Take the case of two independent variables, x and y. Make the 
change of variables : f = ex, ■>? = y, c being any constant. Then 

Opo = cPa pg , .»•.>■ = cp - * - r- . , J = c, 
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so that we have 

1 \--- c dxidyi'---) 1 \--- dxidyi'--- )> 

an equation which not only shows that I, if it be a polynomial, is 
isobaric, but in other cases is commonly used to define what is meant 
by isobaric with the given system of weights. We shall speak of w as 
the weight of the invariant even when it is not a polynomial. 
The proposition holds also for covariants if, in the case of covariant 

ga-f ■■•y / 

differential expressions, we attribute to —p — the weight, with re- 

OXi ~i~ • ■ ' 

spect to xi, — a, and if, in the case of covariant differential forms, we 
attribute to dx t the weight one, to dx } ; j ^ i, the weight zero, with 
respect to x^ 

Proposition 20. An invariant may or may not be homogeneous; 
but if not, it is a mere sum of invariants which are homogeneous. 

This is the counterpart of proposition 5, page 19, and the proof is 
similar in the two cases ; for, as noted above, page 40, the o's and their 
derivatives are linear in the o's and their derivatives. So that if we 
represent by O n (a) the terms of 1(a) of degree n, the corresponding 
part of 1(a), namely G n (a), will be of degree n in the o's and their 
derivatives. 

This proposition may be extended to both kinds of covariants, for 
the dps are linear in the dx's ; and again, as also noted above, the de- 
rivatives of u with respect to the x's are linear in the derivatives of u 
with respect to the f's; and this statement may evidently be reversed. 

§ 13. Particular Invariants and Covariants. 

For a differential expression of the second order, 

T , -v^ 9 2 m -^ du . 

L(u) = %a ii —+2 l a i - + au, 

certain simple invariants and covariants may be deduced by the 
following considerations. 



so that 



JL — "V?J*JL 9 _ ■>? d$k d 

dXi ~ -f* dXi dik dxj ~ -f* dxj 3&' 



d\ ^ d% du , -^dikdii d 2 u 



— X a Jh _ I. X "fa "« 



dxidxj j* dxidxj d$k ^i <* Xi ** x i ^ikdil 
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On the other hand, 



du du _ -^ dik d£i du du 
dxi dxj T\ dxi dxj d$k d${ 



It appears thus that the coefficient of 



d 2 u 



in 



d*u 



d$kd$i dxidx,- 



is the same 



as the coefficient of —= — r in . Now in calculating the a's 

dik del dxi dxj 
with two subscripts, a^, we are not concerned with the first deriv- 
atives of u with respect to the x's or the f's; so that the aj/s are 
expressed in terms of the ai/s, in the case of L(u) under a change of 
independent variables, by the same formulas as for the expression 

5 ay under the same change of variables, that is, as for the 

fi dxi dxj 

quadratic algebraic form 2 (HiZtfi under the linear transformation 

»,j 

2i = f ^ Zk ' 



a linear transformation whose determinant, as we note, is J. 
Now the discriminant 



A = 



an 



dim 



Oml 



• • a„ 



is a relative invariant of weight two of the algebraic form. A is 
therefore also a relative invariant of weight two of the differential 
expression, L(u). We note that A is also an invariant, for change 
of dependent variable, of the differential equation. 
Again, if vi, . . . v m , w\, . . . w m be two sets of variables contra- 

gredient to the — 's, then 

OX 



a n 



ai m n 



a m i 

W\ 



amm Vm 

Wm 



= ^ AijViWj, 

id 



(37) 



Aij being the cof actor in A of a i} ; is invariant of weight two of the 
algebraic form, and therefore of L(u) also. Now the differentials of 
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the x's are such contragredient variables ; so that, if dxi, . . . dx m , 
8x1, . . . Bx m be two sets of differentials, the expressions 

^ An dxi dxj, (38) 

2 A v dx i Sx i ( 39 ) 



are covariants of weight two. Their coefficients, the Ai/s, are inva- 
riants, for change of dependent variable, of the differential equation. 
Similarly the (m + p)-rowed determinant formed by bordering A with 
p rows and p columns, each of which consists of a set of differentials, 
is a covariant of weight two. 

In the course of the work above we have proved, though we did 
not at the moment note the fact, that 

■^ . du du .,„. 

2^^. (40) 

is an absolute covariant. The analogous covariant exists for differen- 
tial expressions of the nth order. For take the terms of L(u) involving 
derivatives of the nth order, and form an expression C(u) by substitut- 
• t "d"n fdu\^ f du y- n . ,, 

"* for a^...3^ 'W • • • \dx~J ' then C(M) ls the 

covariant in question. For it is easily established by mathematical 

d y i+---+ ym u , dM--"+0- M . ■ 
induction, that the coefficient of — r^ . . v in - — ~ — -^ is 

ali Y i . . . af m Y "> dxi* . . . dx m P m 

Whence it follows, just as for the second order, that C(u) is an 
absolute covariant. C\j(xi, . . . x m )] is also invariant for change of 
dependent variable, as well as for multiplication of L(u) by <£. For 
m = 3, if / satisfy C(f)=0,f = constant is the equation of the char- 
acteristic surfaces of L{u) = 0. See Sommerfeld in the Encyklopadie 
der Mathematischen Wissenschaften, II A7c, Nr. 15. The substitu- 
tion in C(u) for u of an absolute invariant yields an absolute invariant. 
Since the coefficient of u in L(u), say a, is an absolute invariant, 
so then also is C(a). For an ordinary differential expression C(a) 

reduces to On ( -£- ) ; so that C{a) is, in a certain sense, the analogue 



a * ■ ♦ t^Y* /d«V-. fdu\ h ( to\ 
the same as the coefficient of I —r- ) ...I —y- ) ml - — I ...I - — i 

\d£ij \dUJ \dxiJ \dx mj 



IRWIN. — INVARIANTS OF LINEAR DIFFERENTIAL EXPRESSIONS. 45 

for a partial differential expression of the obvious invariant j- of an 

ordinary differential expression. For n = 2, 
nt \ "V da da 

§ 14. Reduction to Canonical Form of an Ordinary Differential 
Expression. 

We may obtain, in the case of an ordinary differential expression, 
a system of rational invariants in terms of which all others may be 
rationally expressed, by the same device as that employed, § 9, 
for change of dependent variable. For let the change of variable, 
£ = x(#), reduce the ordinary differential expression 

L(u) = OnW (n) + . . . + OqU 

to a canonical form with coefficients A. We are to have 
= An-l = 



or 



v" = — v' . (41) 

x n (n - 1) On x K%1) 

Hence any derivative of % is %' times a rational function of the a's 
and their derivatives, and it follows that A^k is (%')" — * times such 
a function. For let L{u) go over under any transformation, % = <f>{x), 
into an expression with coefficients a. Then the formula 

d k u _ ^ , dhi 

fi being a polynomial, homogeneous of degree I, in the derivatives of 
</>, may be established by mathematical induction. Hence ai is not only 
linear in the a's, but homogeneous of degree I in the derivatives of f . 
We have, then, that An— k = (x') n ~ k Jn—k (a), Jn—k being a rational 
function. It follows, just as in the similar case of § 9, that J n —k 
is an invariant of weight n — k. 
Now let I be any invariant of weight w. Then 

ix') w I (On, a n ', . . . On— l, On—l', . . . On—k, • • ■ On—k, • • •) 

- T (l d ^ n n a I dUn-k \ 

— J- I Jim —jr i . . • U, U, . . . Afl-i, . . . — -=jj — , . . . I , 
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which, since I is isobaric, is equal to 

< v i\w t (Ail 1 a Al n n In ~ k 1 dlIn - k ^ 

U; VCx')"'^')"- 1 # '" ' u '-"( x ')»-a'-( x /)«-m d{i '■■■) 

= (x')""! («/», Jnl, . . . 0, 0, . . . /»_fc, . . . Jn-h, I, • • • ) , 

if we put 

1 d l A n -k T 

~ Jn-h, I- 



When we have proved that Jn—k, 1 1S > 'ike J n —k> a rational invariant, 
and that it is of weight n — k — l, we shall, then, have the proposition : 
Proposition 21. Every invariant is a function of the rational 
invariants 

. _ A n -k T _ 1 d l A n —k 

n ~ k ~ (x') n ~ k ' """*' ' — ( x ') n - k ~ l d£ l ' 

of weights n — Jc, n — k — l respectively. Here the A's are the co- 
efficients of the canonical form into which L(u) goes over, if % satisfy 
(41), under f = x( x )- 

T t t I tf) \ 

1 (On, On, • • • On— 1, On—\, • • • On— k, • • • On— k, • ■ • ) 

= 1 (yn> Jnl) ... 0, 0, . . . Jn — k> • • • •» n — k, Ij • • • )• 

In particular, if I be a polynomial, it is a polynominal in these invariants 
as well. 

The simplest of the invariants in question are: 

"n = On. 

Jnl = On' 7 On— 1. 

n — l 

_ n(n — 1) On On" — 2n On On—l' — 2(w — 1) Ori On— 1 + 4a n — i 2 

" 2 ~~ w(n — 1) a n 

Jn—2 — 

&n(n— l)a n a n -2+2n(n— 1) (re— 2) {a n 'an-i— OnQn-iQ— (w— 2) (3re— l)On-i 2 

6re(w-l)o» 

We shall find later invariants of a partial differential expression of the 
second order analogous to J n i and «7n2- 
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It remains to prove that J n —k,i is a rational invariant of weight 
n — h — l. Since 

T 1 d[(x') n - k - l Jn-k,l] 

Jn-k,l+l ~ (;< , ) „_ fc _ z _ 1 T$ 

T , 2(n — k—l) On-i T 
n(n — 1) a n 

the case in hand comes under the proposition : 
Proposition 22. If J be an invariant of weight w, then 



if 2w "I 

a n V — a n -il 

°»|_ n(ra — 1) J 



is an invariant of weight w — 1. 

This proposition may be proved as follows. The expression in ques- 
tion is equal to 

1 FnOnl' — WOn'I , w ( . 2 \ T ~l 

a n \_ n n\ n—1 t J J 

2 
Here ctn' — r On_i=J»i, and is shown, by direct calculation, with 

the help of the formulas 

a*. = (<t>') n a n , 

«„_! = (<ftO"- 2 ( W(W ~ 1} <A"«„ + ^'On-x Y 

to be an invariant of weight n — 1. On the other hand, since I n /on w is 
an absolute invariant, its derivative is an invariant of weight — 1, 
that is, nanl' — wa n 'I is an invariant of weight w + n — 1. 

§ 15. The Adjoint of the Transformed Differential Expression. 

Proposition 6, page 19, gives us, for a change oi dependent variable 
or a multiplication of L(u) by <f>, a simple relation between the adjoints 
of the transformed and the original differential expressions. For a 
change of independent variables we have the following relation : 

Proposition 23. If L(u) and its adjoint M{v) go over, under a 
change of independent variables, into L(u) and M{v) respectively, 

iL L(u) , MM ,. . „, , . 

then —j- and — -j^ are adjoint. To obtain the adjoint of the 

transformed differential expression we have, then, to subject MM 
to the following transformations : 
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6 = &fa, ■ ■ ■ x m ), i— 1,2, ... m; 

multiplication by -j; 

Proof." 1 Make the change of variables in question in Lagrange's 
Identity, 

vL(u)-uM(v) = 2^ 

where, as we remember, the S's are bilinear in u, v, and their deriva- 
tives of_orders up to the (n — l)st. Then the S's go over into expres- 
sions S bilinear in u, v, and their derivatives, with regard to the £'s, 
of orders up to the (n — l)st, and we have 

vL{u) -uM{v) = ^ — = ^ — . 



d%i ti dxi dt 



If we divide this equation through by J, we shall find that we may, 
without altering the value of the right side, put everything on that side 
under the signs of differentiation with regard to the |'s, thus getting 



i(«) M(- 



M(v) _ ^ d (1 v <% ? \ 



j " j 

Here we have, between — y^ and — j^ , an identity of the form of 

' The proposition in the text is given by du Bois-Reymond in the article 
Crelle, vol. 104, already referred to in the note on page 12. His proof, which is 
based on the Green's Theorem, or integral form of Lagrange's Identity, runs 
essentially as follows : 

J ■ ■ •f\vL(u) — uM(v)]dxx . . . dx m = U, 
U consisting of terms with less than m integrations. But 

/• • f[vL(u) - uM(tpi . . . dx n =/■ ■ f[vL(u) - uM(v)] jd^.. .d! m , 
and so also we may transform U to, say, U. This gives us 

from which relation, of the form of a Green's Theorem, we infer,_just as from 

L(w) , M(v) 
a relation of the form of Lagrange's Identity, that —j- and —j— are ad- 
joint. I have preferred to base my proof on Lagrange's Identity itself. 
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Lagrange's Identity, and these two expressions are, therefore, in accord- 
ance with the proposition noted on page 16, mutually adjoint. 
It remains, then, to prove that 

^idi i dSi_^d_(idi i ^\ 
fi J a* &i ~ ft tii\ J d *i J ' 

or, what is the same thing, that 



of , 
equal to m, the cofactor in 



1 dii is 



Now the coefficient of Si in this equation vanishes. For ■= — 

J dxi 



1^ 
J 



dxi dxi 

d£i dim 



dx m 



dx„ 

dim 



of — A So that the coefficient in question, viz., >-r( -^ —■ ], 
dij H T'diAJdXiJ' 



is 



equal to ]> —£-, and this expression vanishes. For --■ is the 



dii 



sum 



of the m— 1 determinants obtained by substituting in tj,- for the 
elements of each of its. columns in turn the derivatives, with regard to 
i,; of the elements of that column. Consider any one of these m— 1 
determinants, 



(-!)»+/ 



dxi 



dx\ d 2 X\ dxi 



dxi dx\ 



dxi 



eii * 


' ' di k -x 


dijdik 


94+1 


' ' dti-i 


dtj+i ' 


dim 


dXi-i 


dXi-i 


d 2 Xi-i 


dxi-i 


dxi-i 


dxi-i 


dxi-i 


eii * 


' ' 3&-i 


dijdik 


dik+1 


' ' dij-i 


dij+i " 


"dim 


dx i+ i 


dxi+i 


d 2 x i+ i 


dXi±i 


dxi+i 


dXi+i 


Xi+i 


eh • 


dik-i 


d$jdik 


dik+1 


' ' dtj-i 


dij+i ' 


dim 


0%m 


OXm 


x m 


OX m 


OXm 


OX m 


OX m 



dii ' " ' dik-i di,dik dik+i ' " ' dij-i 
vol. xliv. — 4 



dii+i dim 
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The same determinant occurs a second time, and a second time only, in 
2L~^r- It comes, namely, from t^ also, if we replace therein the 

j "6; 

elements of the ;th column by their derivatives with regard to &, — 
the same determinant, that is, except perhaps as to sign; and it is 
easily seen that the signs in the two cases are opposite, so that the two 
determinants cancel each other. Thus the m (m — 1) determinants, 

as the sum of which ^ r-r may be written, cancel each other in pairs ; 

and the latter expression is, as asserted, zero. 

V. Conditions for (f>-L(u) being (— l) n times its Adjoint. 

§ 16. The Conditions. 

The remainder of this paper will be devoted 'o a study of the prob- 
lem : What are the conditions that a differential expression should pos- 
sess the property of its being possible, by multiplying it by a suitable 
function, <f>, of the independent variable or variables, to make <f>-L(u) 
equal to (— l) w times its adjoint ? 8 After a discussion of ordinary differ- 
ential expressions I shall give a complete solution of the problem for 
partial differential expressions of the second order, obtaining also cer- 
tain results for those of higher order. 

Before attacking the problem, let us notice that the property in 
question is an invariant property. It is, of course, invariant for a multi- 
plication of L(u) by a function of the independent variables. It is in- 
variant for a change of independent variables. For let L(u) go over, 
under such a change of variables, into L(u). Now 4>-L(u) and 
(— 1)" <f> • L(v) are adjoint. Therefore, by the proposition last proved, 

■j times the transformed of <}>• L(u) and -j times the transformed of 

(— l) n <f> ■ L(v) are adjoint. That is, j <f> ■ L(u) and (— l)"-x</> • L(v) are 

ad oint. That is, L{u) can be made equal to (— 1)" times its adjoint 

by multiplying it by j <f>. In the same way, by making use of proposi- 

tion 6, page 19, we may show that the property :'n question is inva- 

8 This problem is solved, in the case of partial differential expressions of 
the second order, in two independent variables, by du Bois-Reymond in the 
article referred to in the last note. The fact that the expression, whose vanish- 
ing forms the condition for the possibility of a solution, is an invariant, is not, 
however, noticed. 
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riant for a change of dependent variable; that is, that if L(u) go over, 
under u = ty-v, into A(?;), then A(?;) may be made equal to (— 1)" 
times its adjoint by multiplying it by (j>^}r. That property, then, per- 
sists under all these transformations. In parallelism with this fact, 
the conditions we shall obtain for its existence are the vanishing of 
expressions invariant under all these transformations. 

Taking first the case of ordinary differential expressions, let us begin 
with those of the second order. The condition that 

L(u) — on«".+ a\u' + au 

should be self-adjoint is, by (10), page 10, a x = a n '. The condition 
that <£-Z(w) should be self -adjoint is, therefore, 

<pai = -fa. (<Hn), 

or an4> + (an' — a{) <£ = 0. 

It is always possible, then, to make an ordinary differential expression 
of the second order self -adjoint by multiplying it by a function of x; 
the latter function has merely to be a solution of the differential equation 
last written. 

We note that, since j- (<j>au) —■ tfai, <f> • L{u) may be written in the 
form 

where K = #an, G = <t>a, and <£ is determined as above. A differ- 
ential equation, then, 

u" + pu 1 + qu = 0, 
may be thrown into the form 

■— (Ku 1 ) + G(u) = 0, 

where K = <j>, G = <j)q = Kq, and </> is a solution of <£' = p<j>, or, 
say, <f> = e* vdx . This is Sturm's Normal Form for such an equation. 

For ordinary differential equations of the wth order, the solution 
of our problem will be found in Wilczynski, page 46. The conditions 
there obtained consist in the vanishing of the so-called linear inva- 
riants of odd weight, that is, in Wilczynski's notation, of ©3, 6 , etc. 
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To translate into terms of differential expressions we must substitute 



On-k . 
On 



in the ®'s for the coefficient p n — k of the differential equation 

M (n) + Pn-lU^-U + . . . = 0. 

The expressions so obtained are evidently, like the ®'s, invariants, 
both for change of dependent and independent variable, of the differ- 
ential equation L(u) = 0. 

Next let L{u) be a 'partial differential expression and of the second 
order. <f>-L(u) is to be self-adjoint. Necessary and sufficient condi- 
tions thereto are, by (10), page 10, 



<t>a% = 2 



d($ajj) 
dxj ' 



or 



If 



2 a tf 



d log <£ -^ day 



on • • 



2S <-« 



A = 



dim 



Oml • • • a mm 
is not zero, we may solve these equations, and get 



m. 





an . . 


■ ffll.i— 1 


*f dx,- 


ai,i+i . 


■ ai m 






d\og<f> 


a m \ . 


• • a m> i — i 


^-f-dxj 


Om,i+l ■ 


. . Omm 








A 







(42) 



= Xt 



let us say. Necessary and sufficient conditions that these equations 
should have a solution, log <f>, are 



dLj dLj _ 
3a;,- dxi 



i = 1, 2, . . . m. 



The expressions on the left are absolute invariants, for change of de- 
pendent variable, of the equation Liu) = 0. For if we refer to (24) and 
(27), pages 31-32, we shall find that Li = Af — k»; so that 
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dLi dLj 9(Aj — Ki) c 


<*i ~ K i) _ 


(dXi 


d\- 


dxj dXi dxj 


dXi 


\dxj 


dXi 



i ) \dxj dxi J ' 



that is, is equal, page 32, to the difference of an absolute invariant 
and the adjoint invariant. 

The expressions — - — — - are not, on the other hand, except in 

the case of two independent variables, invariants for a change of inde- 
pendent variables. They are, however, the coefficients of what, to 
extend somewhat the definition of that term, we may call a covariant, 

viz., "V ( — 3 - ) dxfixj, where the dx's and 8x's are two inde- 

fi \dxj dXi J 

pendent systems of differentials. Reserving for the moment, until we 
have discussed partial differential expressions of the nth order, the 
proof that the expression above is a covariant, we may state the solu- 
tion of our problem, for the case in hand, as follows : 

Proposition 24. A necessary and sufficient condition for the possi- 
bility of making a differential expression of the second order self- 
adjoint by multiplying it by a function of the independent variables is, 
if the invariant A does not vanish, the identical vanishing of the 
expression 

the i's being defined by (42). The coefficients of this express'on, 

— — — — — , are absolute invariants, for change of dependent variable, 
dxj dxi . 

of the differential equation, and the expression itself is absolutely in- 
variant for change of independent variables. 

Let us look now for a moment at the case of partial differential ex- 
pressions of the wth order. We take, as usual, for illustration, two inde- 
pendent variables. In order, first, that the coefficients of the (n — l)st 
derivatives in <f> • L(u) should be ( — 1)™ times the corresponding coeffi- 
cients of its adjoint, we must, by (15), page 14, have 

alogj. 9log.fr / aa p+ i, g . da p , q+1 \ 

nap+i, t dx +na p , q+1 &y - la m n\^ ^ + — J, 

p + q = n—l, p = 0, 1, . . . (n — 1). (44) 

If these equations are to be solvable algebraically for — —, — — , 

dx dy 

it is necessary that all three-rowed determinants of the matrix 
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OnO 



«n— 1,1 2 On— 1,0 — n 



f dOnO . 90n— 1,1 \ 

\dx dy ) 



On— 1,1 On— 2,2 2 On— 2,1 — « 



/ ddn— 1,1 , dOn— 2 ; 



V da; 



+ 



ay 



,) 



Ol,n— 1 



OOn 



2oo ; 






re— 1 , dap^ N 

3 7 y 



^2/ 



should vanish. These three-rowed determinants are invariants, for 
change of dependent variable, of the differential equation. For any 
one of them may be written as I + (— 1)" — 1 J, where I is an inva- 
riant of the form (28), page 33, and J is the adjoint invariant (29). 

If these conditions are fulfilled, we may solve for ° , — — — any 

two of the equations (44) : 



d log <j> _ 
dx 



2 a 



Ps«j 



f dQps+l.gs , 9«p„g g +l 



\ da; 



dy 



- J a P,.Q,+l 



nA 



= L U 



d\og<j> 
dy 

A = 



°Pl+1.8l 

a P*+hg, 



2«p l9l -n( dx 

o ffl _ n f^tSsBiA 
Za ™* U \ dx 



d a Pi+l,gi j_ 9a Pi.gi+l' 



+ 



+ 



dy . 

da p „ g , + i > 

dy , 



= £a, 



Op.+l.gi 

«p a +i.a. 



°Pl,8l+l 
a P 2 ,8,+l 



Pi + q% = n — 1. 



And the necessary and sufficient condition for the existence of a solu- 

dT dT 
tion, log <f>, is — — = 0. Here the expression on the left is an in- 
variant, for change of dependent variable, of the differential equation. 
For L\ = Ai — K lt i 2 = ^2 — «2, the «'s and Vs being given by (30) 

dy da; 
tween an invariant and the adjoint invariant. 

We shall carry the solution of the problem no further. To com- 
plete that solution we should next have to go on and write down the 



dT 
and (32 a), page 33 ; and ^p — ~ is, therefore, the difference be- 
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conditions that the coefficients of the derivatives of the (n — 3)d, 
(w — 5)th, etc., orders in <f>-L(u) should be (—1)" times the corre- 
sponding coefficients of its adjoint. (By proposition 4, page 15, we need 
merely consider the orders n — h, where k is odd.) These conditions 
would, by (15), page 14, be the vanishing of expressions bilinear in 
the a's and their derivatives and in <j> and its derivatives; that is, after 

rich 

substitution for the derivatives of <j> from the equations — = Li<t>, 

ox 

r- = L2<f>, and from the equations obtained from these by differenti- 
ation, and after division by <j>, of rational functions of the a's and their 
derivatives. • And the question would suggest itself as to whether 
these latter were invariants. 



§ 17. The Covariant > ( p - p ) dxfaj. 



fi \dXj dxi J 



We return now to the proof that the expression (43), page 53, is a 
covariant for change of independent variables. A proof of this fact 
is to be found in a paper by E. Cotton, Sur les Invariants Difie'rentieb 
de quelques Equations lineaires aux de'rivies partielles du second ordre, in 
the Annales de l'Ecole Normale, 3e serie, vol. 17 (1900), pages 211-244. 
Cotton's methods are based on the theory of quadratic differential 
forms. It is perhaps worth while to obtain the result we are interested 
in independently of that theory, as may be done with no great difficulty. 
I shall therefore give such a proof, following in general the steps by 
which Cotton reaches his result. I retain in part his notation. Fur- 
ther, a dash over an expression shall indicate that it is the same function 
of the a's, the coefficients of the transformed differential expression, 
that the expression without the dash is of the a's. 

First, then, the expression 

2M- Zf dXi\^J dXj ) 

is an absolute covariant. Here A stands, as usual, for the determinant 
of the ay's, an invariant, as we know, of weight two. The proof goes 
as follows. Making use of the formulas (36), page 41, for the a's, we 
get 



56 PROCEEDINGS OF THE AMERICAN ACADEMY. 

— t\/a "s — r^ m — ^ — ~i 

~ <7 ^ L *S J^A dx k dxt db] 

— T fl ^ A |~X? q M d£i (*s?du d £i\~] 
~ J V A 4d$i \jfi J VI aa* Vf ^ 3a: ^ J 

- r /7 "S A T^ "*:' d£i 9m~| 

- ta/7 ^ r^. — ( m — m 

*Xi L to * a & V ^ vi 9 ^ / J 

The first half of this expression 



du dJ 
lakl dxidx k 



Now 



1 -v* du dJ 

= A 2 W — 7 > UHT-r-. 

aj _ ^ d% j 

dx k f<dx } -dx k M ' 



if Jij be the cofactor, in J, of — - . Further 

so that we have finally 

A2M = A 2 w — 5 aw^— - * xr + the same quadruple sum ; 
{ ^j 3xj dxjdx k dii 

that is, 

A^m = A2M. Q. E. D. 
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A2W, then, or, written in expanded form, 

_ -^ d 2 w ■*? du (dan 1 dA\ 

^~ff aii d^i + f* tei W ~ 22^ dx,)' 

is an absolute covariant. We notice that the terms involving second 
derivatives are identical in Azu and in L(u), so that the latter may be 
written 

L(u) = A 2 w + ^Edi— au, 
where « ■, ~ , 

Similarly, the transformed differential expression, L(u), may be 
written 

L{u) = A2M + ~y.di xr + au. 
i a « 

Now since, when L(u) goes over into L(u), A2W, au go over into A2W, au 

respectively, it follows that ^ di — goes over into 2 d% xr , in other 

words that it is an absolute covariant. 
Hence we conclude that the d's are transformed contragrediently to 

the — 's. The expression ^ Aijdjdxi, then, is of the form of (37), 
page 43, and is, therefore, a relative covariant of weight two ; or 

2 l id*i t (46) 

i 

is an absolute covariant, if we define h by the formula 

Since (46) is an absolute covariant, the I's must be transformed con-, 
tragrediently to the dx's, 

4 = 2i?fc- (48) 



fc 



d& 



This being the case, the expression 

3 (£-£)«* « 
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where the dx's and Bx's are two independent sets of differentials, will 
be an absolute covariant. 

Proof. Consider an expression ^? Cijdxihxj ; and let it go over by 

our change of variables into JV c^Mj. Then for the c's we readily 

i,i 
calculate the formula, 

= 2Li c w 



dxi dxj 

<p 9 -^^afT ^ 



3?p _ 


a4V 


dig _ 




Therefore 






dip 



Now the coefficients, — - — — , in (49) above are transformed co- 
da;,- dxi 

grediently with the c's. For we have, from (48), 

<l p _ 9 /-^teiA _ v d 2x i j I "V d x i d x i ^i 

T g ~d£ g \Ttip i ) i ^^ -§ a? P ay 9 a^' 

■^ d 2 a?j i , >f 9ari 9xj 9?,- 
r? d$ p d( q % i~f L dtp d£ q dxi 

dl g _ i? fdk dlj \ dX{ dx } - 
~b%~ fi\dxi~dXi)o%Wq 

as asserted. Hence it follows that just as we have 

2 Cijd£i$£i = 2 CijdXiSxj, 

so also we have 

Now the covariant (49) is identical with the expression (43) which 
we wish to prove a covariant. To establish this identity we need 
merely to obtain the explicit form of (49). From formulas (47), (45) 
we get 
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The first part of this expression will be seen to be equal to Li, as defined 
by (42), page 52. Since, further, 





2 a-kjAii — 0, k ^ i, 




i 

A, K —— 1, 


we get finally 


l.- L . + ± dA 


Hence 


dk dlj dLi dLj 
dxj dxi dxj dxi ' 



and our expression, (43), page 53, is identical with (49), and is there- 
fore an absolute covariant. But this is wha we set out to prove. 
In the case of wo independent variables, m = 2, our covariant is 



(frlf)^-w- 



Here the second factor is itself a covariant of weight one; so that, in 
this case, the condition of proposition 24, page 53, would be the van- 

ishing of — - — — — , which is not only an absolute invariant, for 

change of dependent variable, of the differential equation, but an in- 
variant, of weight minus one, for change of independent variables 
as well. 

I collect here for reference the covariants that we have come across 
in the course of our work above, adding a couple of invariants from 
Cotton's paper. 9 

a 2M = va~2 ~ (■% ~) 

ft dxi \</A dxj 

= y. a -- d2u + 2 — ( daii — — •■ —} 

i,i " dxidxj i t] - dx t \dxj 2A tJ dx,J ' 

2j di, ^ — > and 2 hdxi are absolute covariants ; di and k are 

defined by (45) and (47). 

9 For bibliography, see the note, page 239, of Cotton's article. The inva- 
riant, for m = 2, -r-i — -~ is also given, in explicit form, by Rivereau in 

the Bull, de la Soc. Math, de France, 29, 7 (1901); it is identical, as is easily 
shown, with what Rivereau calls 21. 
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a^i 2^ 



are absolute invariants. 

For one independent variable, these invariants reduce to 
1 on f(2a 1 -a n ')^' 



and 



(2a 1 -o n / ) 2 
16 an 

( ^ — I ILL \ respectively. The first of these is 

8 2 oi - an' V on / 

the square of the invariant J„i, page 46, for ft = 2, divided by 16on ; 
while J„2. for ra = 2, is 8 A(Q — 4 A 2 (Z). Thus we have found, for the 
second order, invariants of a partial differential expression analogous 
to the invariants J n \, J n 2 of an ordinary differential expression. 
We shall accept from Cotton the fact that A2(/) is an absolute in- 

variant. Next as to A(Z). Since ^—^-dxidxj is an absolute co- 

. *•' ' . 
variant, — cf . (38), page 44, — any invariant of this quadratic differen- 
tial form of weight w will be an invariant of L(u) of weight — w. Now 
since, page 57, the J's are contragredient to the dx's, 



An 

A 



Ai m j 

T h 



Ami 

A 

h . 



lm 





that is, 2 ~a~ Wj> * s an invariant of weight two of the differential 
form, ^jdijlilj or A(Q is, then, an absolute invariant of L(u). 



Cambridge, Mass., 
April, 1908. 



